Working to lowest non-trivial order in fermions, we consider the four-derivative order corrected Lagrangian and supersymmetry transformations of the Euclidean Bagger-LambertGustavsson theory. By demonstrating supersymmetric invariance of the Lagrangian we determine all numerical coefficients in the system. In addition, the supersymmetry algebra is shown to close on the scalar and gauge fields. We also comment on the extension to Lorentzian and other non-Euclidean N = 8 3-algebra theories. *
Introduction
The bosonic effective action for a single M2-brane [1] in static gauge and in a flat background with zero flux, is given by the abelian DBI action
The terms in the integral can be expanded as a power series in (∂x) 2 that is, a higher derivative expansion. After canonically renormalising the eight scalars so that X I = x I √ T M2 , the leading order and next to leading order terms in the expansion are
where we have ignored a constant and the ellipsis denotes terms O (1/T M2 ) 2 and higher.
The generalisation of the fully supersymmetric leading order M2-brane action to multiple M2-branes was first constructed by Bagger and Lambert [2] [3] [4] and independently by Gustavsson [5] . The BaggerLambert-Gustavsson (BLG) theory of M2-branes is an N = 8 supersymmetric field theory which is invariant under an SO(8) R-symmetry. The original formulation of the theory required the use of an algebraic structure called a Euclidean 3-algebra and is now known to describe, in some cases, two M2-branes [6] [7] [8] . Wider classes of Lorentzian and other non-Euclidean 3-algebra theories exist in the literature [9] - [14] , however their status as multiple M2-brane theories is unclear. Subsequent research has shown that the appropriate generalisation of the leading order term to arbitrary numbers of M2-branes is given by the ABJM theory [15] .
There have been several papers which aim to determine the next to leading order i.e. the 1/T M2 higher derivative corrections to multiple M2-branes. It is known [16] [17] [18] that in three dimensions a non-abelian 2-form is dual to a scalar field. In [19] this dualisation was applied to 3D super-YangMills (the effective worldvolume theory of multiple D2-branes) and it was shown that it could be rewritten as an SO(8) invariant Lorentzian 3-algebra theory. Three-dimensional SYM arises simply by the appropriate dimensional reduction of 10D SYM and the higher derivative corrections to this have been uniquely determined (including quartic fermions in the Lagrangian) by superspace considerations in [20] [21] and independently in [22] by calculating open-string scattering amplitudes. The first higher derivative corrections to the 10D SYM Lagrangian and supersymmetry transformations arise at order α ′2 and the same is true in the reduction to three-dimensions. In [23] the authors applied the analysis of [19] to the α ′2 corrections of the 3D SYM Lagrangian. The resulting SO(8) invariant, Lorentzian 3-algebra formulation features only 3-brackets and covariant derivatives of the scalar and fermion fields. This lead to the conjecture that higher derivative corrections to the Euclidean BLG theory would be structurally identical to the Lorentzian theory and only feature 3-brackets and covariant derivatives.
A different approach was considered in [24] . Here the most general 1/T M2 higher derivative M2-brane Lagrangian with arbitrary coefficients was considered. Then, using the 'novel Higgs mechanism' [25] this was reduced uniquely to the four-derivative order correction of the D2-brane effective worldvolume theory. The results of [24] applied both to the Euclidean BLG theory and Lorentzian 3-algebra theories and confirmed the conjecture of [23] . Other attempts to construct the full non-linear action for multiple M2-branes include [26] [27] [28] .
The higher derivative corrected 3-algebra Lagrangians of [23] [24] are expected to possess maximal supersymmetry although this was not verified in either case. An attempt to determine next order corrections to the supersymmetry transformations was made in [29] . Here Low applied the analysis of [19] and [23] at the level of the multiple D2-brane supersymmetry transformations. It was found that the α ′2 corrections to the fermion supersymmetry could be written in an SO(8) fashion but that the scalar transformation could not be. The gauge field supervariation was not considered. By taking an abelian truncation of the higher derivative Lorentzian 3-algebra action and showing it was supersymmetric, Low was able to partially determine the higher derivative scalar supersymmetry transformation.
As it is not possible to derive higher derivative SO(8) invariant 3-algebra valued supersymmetries from the multiple D2-brane ones by the 2-form/scalar dualisation approach, it seems the only way to unequivocally determine them is to examine the full supervariation of the higher derivative Lagrangian and by closing the superalgebra. This is the approach we will take here, focussing solely on the Euclidean BLG theory of [24] .
The rest of the paper is as follows. In Section 2 we will give a brief overview of the BLG model of M2-branes. Our results are contained in Section 3; here we revisit the higher derivative action of [24] and introduce our ansatz for the 1/T M2 corrections to the Euclidean BLG supersymmetry transformations. We determine all arbitrary coefficients in the system by examining the supervariation of the higher derivative Lagrangian for Euclidean BLG. In addition the supersymmetry algebra is shown to close on the scalar and gauge fields for the coefficients we find. Our conclusions can be found in Section 4 where we also comment on the extension to non-Euclidean theories and offer suggestions for further work.
Overview of BLG
We begin with a brief overview 1 of the BLG worldvolume theory of multiple M2-branes as presented in Ref. [3] . As we have already noted, the BLG theory is a three-dimensional SCFT with N = 8 supersymmetry and an SO(8) R-symmetry. Its field content consists of eight scalar fields, X I , which parameterise directions transverse to the M2-brane worldvolume, fermions ψ and a non-dynamical gauge field A µ . The fields take values in an n-dimensional real 3-algebra which we take to be spanned by a basis T a , a = 1, . . . , n. The 3-algebra is equipped with a totally anti-symmetric 3-bracket which defines the structure constants f abc d :
The structure constants inherit the total anti-symmetry of the 3-bracket so that
2)
The 3-bracket generates a gauge symmetry whose action on an arbitrary 3-algebra element
where α and β are two other elements of the 3-algebra. Requiring that this gauge symmetry acts as a derivation leads to the fundamental identity
There is also an inner product on the 3-algebra which is symmetric and linear in both its entries and acts as a metric on the gauge indices. It is defined by
For any two 3-algebra elements Y and Z their inner product Tr(Y Z) is required to be invariant under the gauge transformation (2.3). In basis form this leads to [34] . In this case the structure constants are given by [3] 
with a, b, c, d ∈ {1, 2, 3, 4} and k is the integer Chern-Simons level [4] . Hence the gauge algebra is su(2) × su(2) = so(4). Whilst there is a single 3-algebra and Lagrangian associated with the Euclidean theory there are two inequivalent gauge groups given by either SU (2) × SU (2) = Spin(4) or (SU (2) × SU (2))/Z 2 = SO(4) [8] . We will refer to this 3-algebra as A 4 and the theory as the A 4 or Euclidean BLG theory. Investigation of the moduli space of the Euclidean BLG theory [6] [7] [8] identifies it as the worldvolume theory for a pair of M2-branes propagating in an orbifold characterised by the level k.
The lowest order multiple M2-brane supersymmetry transformations are,
The commutator of two supersymmetries on the fields gives
We have adopted the notation X IJK := [X I , X J , X K ] which we will use to save space wherever possible. Let us make some comments on this Lagrangian. The symmetrised trace of four basis elements of the A 4 3-algebra is given by STr
abcd and is totally symmetric and linear in its four entries. Next, we require that each term within this higher derivative Lagrangian is gauge invariant. Acting on a generic four-derivative order term with the gauge transformation (2.3) we see that this requirement leads to
where Y 1 , . . . , Y 4 are arbitrary fields. In basis form this symmetrised trace invariance condition reads
and can be seen as a generalisation of the trace invariance property: h a(b f e)f g a = 0.
There are further identities we can construct using the symmetrised trace. To start with we note that due to their simple nature the structure constants of the A 4 3-algebra satisfy
We can combine this identity with the symmetrised trace to find
where the final term, STr
Contracting the gauge indices with the fields leads to the following identities
where α, β and γ are arbitrary fields and I 1 , J 1 , . . . are transverse Lorentz indices.
The starting ansatz for the four-derivative order Lagrangian can be simplified using these identities. Equation (3.6) shows that the f and g terms in L 1/TM2 are proportional to each other. The same equation, together with anti-symmetry in the Γ-matrix indices, tells us that the term in L 1/TM2 with coefficientô is identically zero. Similarly, the term with coefficientm is identically zero through the use of Eq. (3.7). We subsequently drop the terms with coefficients g,m andô to leave
We now give the general starting point for the 1/T M2 higher derivative corrections to the N = 8 supersymmetry transformations which are consistent with mass dimension, 3-algebra index structure, parity under Γ 012 and Lorentz invariance. We assume that the higher derivative scalar and fermion supersymmetry transformations are built out of ψ, DX and [X, X, X] only. In particular, as the ChernSimons term in L BLG does not receive higher derivative corrections, the gauge field strength is not present in the 1/T M2 supersymmetries. The gauge field variation additionally requires the presence of a 'bare' scalar field.
Our ansatz for the scalar supersymmetry transformation, to lowest order in fermions, is
Finally, the ansatz for the gauge field variation, again to lowest order in fermions, is
There are other terms which are consistent with mass dimensions etc. that could be added to the δ ′ variations however, we can apply the A 4 identity f [abcd f e]f gh = 0 at the level of the supersymmetry transformations to find
where α and β are either ψ, DX or [X, X, X]. Using these identities it is possible to show that the additional terms are either identically zero or proportional to terms we have already listed.
Invariance of the Lagrangian
We want to determine the coefficients for which the BLG Lagrangian together with its 1/T M2 correction given in Eq. (3.8) is maximally supersymmetric. As the BLG Lagrangian is invariant under the lowest order supersymmetries i.e. δL BLG = 0, the full corrected Lagrangian varies intõ
where we ignore O 1/(T M2 ) 2 terms. The subscript inδL n enumerates the total number of covariant derivatives acting on the fields and because the terms inδL n are independent of those in any otherδL m , invariance of the full Lagrangian means eachδL n must be invariant up to total derivatives.
2
When we insert the higher derivative supersymmetries which are of the form δ
Inserting the higher derivative supersymmetries into the varied bosonic potential and Yukawa terms in δ ′ L BLG requires more manipulation:
2 There is the possibility thatδL = 0 only after terms are removed using 1/T M 2 × lowest order equations of motion (which are O(1/T 2 M 2 )), in which case the differentδLn are not independent. However, we find for the Euclidean theory that invariance does not require use of the lowest order field equations.
Using the gauge invariance condition in Eq. (3.2) we can write this as
We are now in a position where we can proceed to computeδL. We start by investigating the terms in the variation of the full corrected Lagrangian which contain four covariant derivatives. These come from
Note that the gauge field strength contributes two derivatives through its definition as the commutator of covariant derivatives. We have also split the lowest order fermion supersymmetry into δψ
The next steps in the calculation are to insert the appropriate supersymmetry transformations, canonically reorderψ and ǫ using the spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse ones. Doing all this gives
After using worldvolume Γ-matrix duality (A.4) wherever ε µρσ occurs and then expanding out the Γ-matrices (this has been aided by use of Cadabra [35] [36]) we find the appearance of four distinct and independent types of Γ-matrix terms; Γ IJK Γ λµ , Γ IJK , Γ I Γ λµ and Γ I . We consider each of these types in turn.
We find the Γ IJK Γ λµ terms to be
The first two lines combine to form a total derivative if they share the same coefficient. Hence we require − 
The first seven lines can be written as two distinct total derivatives provided
34)
The remaining terms vanish if The solution to these simultaneous equations is
42)
Finally, the Γ I terms can be manipulated to arrive at
We see that the first four lines combine to form a total derivative if
The last three lines form another total derivative provided
Using the values for f 2 , f 3 andê in Eq. (3.42) we can solve these latest simultaneous equations to discover
To summarise, the four covariant derivative termsL 4 are invariant up to boundary terms if the coefficients in the Lagrangian and supersymmetry transformations are given by
48)
49)
50)
The coefficients in Eqs. (3.49) and (3.50) satisfy the relations previously found by Low [29] . We now consider the terms in δ ′ L BLG + δL 1/TM2 which contain a total of three covariant derivatives. These are,
Once again we insert the appropriate supersymmetry transformations, canonically reorderψ and ǫ using the spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse ones. The result is
We have omitted the calculations due to their length however, after using worldvolume dualisation and performing the Γ-matrix algebra to we find all the terms inδL 3 can be assembled into total derivatives or made to vanish through the gauge invariance condition in Eq. (3.2). As inδL 4 , this requires the coefficients to satisfy certain constraints. Using the coefficient data fromδL 4 we can solve these additional simultaneous equations to find thatδL 3 is invariant if
54)
55)
56)
Demonstrating invariance of the termsδL 2 ,δL 1 andδL 0 proceeds analogously toδL 4 andδL 3 only now the presence of two or more 3-brackets means we can manipulate terms using the fundamental identity Eq. (2.4) as well as the A 4 identities in Eqs. (3.6) and (3.7). We find invariance ofδL 2 is achieved if,
The additional constraints from invariance of theδL 1 terms arep = − . We have been able to determine all the arbitrary coefficients in the order 1/T M2 Lagrangian and supersymmetry transformations up to a scale factor parametrised byd. The numerical value ford can be fixed by reference to the action for a single M2-brane in Eq. (1.2). We have seen in moving from a single M2-brane to multiple M2-branes the lowest order scalar kinetic terms are generalised as
It seems reasonable that the 1/T M2 corrections in Eq. (1.2) have a similar generalisation so that
Thus, comparing with the 1/T M2 ansatz in Eq. (3.8) we find a = +d = + 
Closure of the Superalgebra
We have seen that the higher derivative corrected Euclidean BLG theory is invariant under our supersymmetry ansatz. However, for a truly supersymmetric theory the supersymmetry transformations must close on-shell on to translations and gauge transformations. In this section we show the superalgebra does indeed close for the coefficients listed in Eq. We present only our results as the detailed calculations are long. Our methodology in the closure calculations is the same for both the scalar and gauge fields and we detail it here. We first separate out certain terms according to their number of covariant derivatives and then insert the relevant supersymmetry transformations. Next, we use the relation {Γ µ , Γ I } = 0 to group all worldvolume Γ-matrices together and then expand them out using the Clifford algebra relation. Following this, we perform the (1 ↔ 2) anti-symmetrisation in the supersymmetry parameters making heavy use of Eq. (A.8). The transverse Γ-matrix algebra is performed next and our calculations have again been helped by using the symbolic computer package Cadabra [35] [36] . Finally, we simplify the remaining expressions wherever possible using the identities in Eqs. (3.22) and (3.23).
Closure on the Scalar Fields
The full supersymmetry transformations can be written asδ = δ + δ ′ where δ are the lowest order variations and δ ′ are the 1/T M2 corrections. Closure on the scalars then takes the form
The lowest order commutator, [δ 1 , δ 2 ]X 
, are the focus of this section and must be zero for the algebra to close. As closing on the scalar field does not involve use of the equation of motion the mixed terms must be zero either through symmetry arguments or by constraining the coefficients to be zero. Performing the supervariations we find that the resulting terms can be grouped according to the number of covariant derivatives they contain. To begin, we consider terms which involve three covariant derivatives,
Closure requires each of these terms is zero. Hence,
Next, we consider terms which involve two covariant derivatives, The terms which involve a single covariant derivative are
Closure requires
Finally, we consider those terms which contain no covariant derivatives, It is easily verified that the conditions for closure are satisfied when the f and s coefficients take the values found in Eq. (3.64).
Closure on the Gauge Fields
Closing the algebra onÃ µ gives
As for the scalar field, the terms in [δ
The lowest order terms may be written as
where
is the lowest order gauge field equation of motion. From the presence of covariant derivatives in the higher derivative Lagrangian it follows that the gauge field equation of motion picks up 1/T M2 corrections. Hence for on-shell closure we require the mixed terms make the following contribution to the higher order equation of motion
with all others terms in (δ 1 δ
Once again, the closure terms can be neatly split according to their number of covariant derivatives. We first consider terms which involve three covariant derivatives, The remaining coefficients must be zero for closure of the superalgebra. Hence, = + i(4f 6 + 2g 8 − 2g 11 − 2g 14 )(ǭ 2 Γuse of the Fierz rearrangement and consequently represent a formidable computational challenge which we leave for the time being.
In certain circumstances, the Euclidean BLG theory has a spacetime interpretation of describing two M2-branes. The theory which describes N M2-branes is the ABJM theory [15] with gauge group U (N ) × U (N ). This theory has manifest N = 6 supersymmetry 5 together with an SU (4) R-symmetry and can be formulated using complex 3-algebras [38] . With the exception of the abelian U (1) × U (1) theory [39] , the order 1/T M2 higher derivative extension of the ABJM model has not been examined.
Possible methods of approaching the ABJM higher derivative extension have been discussed in [24] and [29] . A separate brute force approach is simply to consider the most general action and supervariations which are consistent with all symmetries of the system and try to demonstrate invariance and closure as we have done here for the A 4 BLG theory. It is conceivable that the arbitrary coefficients in the 1/T M2 extension of ABJM can likewise be determined up to an overall scaling parameter. It would then remain to fix this scale parameter and there are at least two possible ways of doing this. First, we could directly compare against multiple D2-branes written in a suitable complex format by using the 'novel Higgs mechanism' for ABJM [26] [27] or perhaps by taking an infinite periodic array of M2-branes [40] . Secondly we could re-write the results of this paper in complex SU (2) × SU (2) form [41] and exploit the equivalence, at levels k = 1 and 2, of the U (2) × U (2) ABJM and A 4 BLG theories.
where C = Γ 0 is the anti-symmetric charge conjugation matrix and we denote by Γ (µn) and Γ (Im) the totally anti-symmetric product of n worldvolume and m transverse Γ-matrices respectively. Using the transpose properties (A.5) and (A.6) together with {Γ I , Γ µ } = 0 we find for any two spinors χ and λ χΓ (A.8)
